CHAPTER-5
Fuzzy (7y,)-continuous mapping and Fuzzy (y,3)-closed(open)
mapping.

5.1. Introduction:

In this chapter, we have defined a new class of continuous functions called
fuzzy (y,[)-continuous functions that generalizes several forms fuzzy continuity
viz.fuzzy continuity, fuzzy @-continuity, fuzzy 9 -continuity,fuzzy weak-continuity,
fuzzy strong @-continuity,fuzzy super continuity and fuzzy weak @-continuity. Then

we have introduced the notion of fuzzy (y,f)-open, and fuzzy (y,f)-closed

mappings which generalizes the concepts of fuzzy open(closed), fuzzy @-open(fuzzy
6-closed) and fuzzy O -open(fuzzy O -closed) mappings. After that we have

introduced the concepts of fuzzy (y,f)-homeomorphism and particularly, fuzzy

homeomorphism, fuzzy @-homeomorphism and fuzzy o -homeomorphism. Several

characterizations of these mappings are also investigated.

Throughout this chapter, let f:(X,T) — (Y,T") be fuzzy mapping and let y:T — I*
be operationon T and S:T"— 1" be operation on T”.

5.2. Fuzzy (v, B)-continuous mapping:

In this section we begin with the concepts of fuzzy (y, 8)-continuous mapping
and discuss some some of their properties.

Defination 5.2.1: A mapping f:(X,T)—(Y,T’) is said to be fuzzy (y,B)-continuous if
and only if for every fuzzy point p* in X and every fuzzy open Q-neighborhood V of

f( pl), there exists a fuzzy open Q-neighborhood U of p?such that f(y(U)) < B(V).
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Examples 5.2.2:

(1) For y=pf= identity operation, fuzzy (y,/[)-continuity coincides with fuzzy
continuity [21, 83]
(2) For y =B = closure operation, fuzzy (y,/)-continuity coincides with fuzzy &-
continuity [64]
(3) For y =identity operation and [ = closure operation, then (y,/)-continuity
coincides with fuzzy weakly €-continuity [64]
(4) For y=closure operation and f = identity operation, then (y,/)-continuity
coincides with fuzzy strongly @-continuity [66]
(7) For y =identity operation and / =interior-closure operation, then (¥, )-continuity
coincides with fuzzy almost continuity [38, 65]
(8) For y =closure operation and f =interior-closure operation, then (y,f)-continuity
coincides with fuzzy almost strong €-continuity [64]
(9) For y =interior-closure operation and £ =identity operation, then (¥, /)-continuity
coincides with fuzzy super-continuity [66]
(10) For y =interior-closure operation and /8 = closure operation, then (y, f)-continuity
coincides with fuzzy weak & -continuity [64]
Theorem 5.2.3: Let (i), (ii), (iii) and (iv) be the following properties for a fuzzy mapping
f:(X.,T)—> X, T

) f:(X,T)— (Y,T") isfuzzy (},p)-continuous mapping.

(i) f(Cl(A)) < Clg(f(A)) for every fuzzy subset A of (X,T).

(iii) For any fuzzy B-closed set B of (Y,T"), f1(B)is fuzzy y-closed set in (X,T).

(iv) For any fuzzy B-open set B of (Y,T"), f'l(B) is fuzzy y-open set in (X, T).

Then (i) = (i) = (iii) = (iv)

50



Proof: (i) = (ii). Let pj € cl,(A) and let V be an open Q-nbd. of f( pf). Since f is
fuzzy (y,[3)-continuous, there exists an open Q-nbd. of p?such that f(y(U)) < B(V).
Now piecl(A) = y(U)gA = f(yU)af (A) = B(V)qf (A)

= f(p})e cly(f(A) = ple f(cl(f(A)).

Thus cl,(A) € f ' (clz(f(A))) so that f(cl,(A)) < cl,(f(A)

(ii) = (iii) Let B be a fuzzy f-closed set of (Y,T”). Then cl s(B)=B

and hence by (i), f(cl,(f " (B)) € cl,(ff "' (B)) € cl,(B) =B,

whence we do obtain ¢/, (f “B)c f(B).

Thus cl,(f “(B))= f'(B) and hence f~'(B)is fuzzy y-closed setin X.

(iii) = (iv). Let B be fuzzy B-open set in Y. Then B¢ is fuzzy B-closed set in Y. Then by
(iii), f'(B°) is fuzzy y-closed set in X. Since f~'(B)=1-f"(B), Fi(B) is fuzzy y-
open set in X.

Corollary 5.2.4: If (Y,T’)fuzzy B-regular space, then all the properties of the theorem
5.2.3 are equivalent.

Proof: By Theorem 5.2.3 we have (i) =(ii) =(iii))=(iv), so it is sufficient to prove
(iv)=(1). Let p f be a fuzzy point in X and V be a fuzzy open Q-neighborhood of f(p f)
Since (Y,T") is fuzzy B-regular space, then by proposition 3.2.15, V is fuzzy B-open set
in Y. By hypothesis, f~'(V)is fuzzy y-open set in X. Also we have p f q (V). Since
£~ (V) is fuzzy y-open set, there exists an open Q-neighbourhood U of p f such that
y(U) (V) and so f(yU)) cV < B(V). Thus f is fuzzy (y,)-continuous.

Remark 5.2.5: The p-regularity on the codomain space of above Corollary 5.2.4 can

not be removed as shown by the following example.
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Example 5.2.6: Let X ={x,y}and A, B, C € I " defined by

A=0.6, B (x) =.6, B((y)=0.7, C=03,

where & denotes the constant mapping with value .

Let T ={X JA,B,C}and T'={X ,J,B,C}

Then (X,T) and (X,T") are fts and (X,T")is not S -regular space.

Define y:T =1 by y(X) =X,y (D)=, y(A)=A,y(B)=B,y(C)=0.5.

and B:T" = 1" by B(X)=X,B(D)=3,(B)=B,B(C)=0.4.

Now consider the identity mapping f :(X,T) — (X,T”) . Then the inverse image of each
S -open in X (codomain) is y-open in X (domain) but f is not fuzzy (y, £)-continuous.
For A= 0.8 and an open Q-neighbourhood C of f(p?), there exists no open
Q-neighbourhood U of p f such that f(y(U)) < B(C).

Theorem 5.2.7: For the mapping f :(X,T) — (Y,T”) the following are equivalent

(1) f:(X,T)— (Y, T') isfuzzy (y,3)-continuous mapping.

@) [ cint,(f(BW)) YUET

(3) f(Cl(A)) cClg(f(A) V Ael”

@) cL,(f(A) c [ (clg(A) ¥V Ael”

(4) f'(intz(A) cint, (f '(A) V Ae "

Proof: 1) = (2): Let Ue T’ and pqu’1 U). So, f(pf)qU. Since f is fuzzy (v,B)-
continuous, there exists an open Q-neighborhood V of p f such that f(y(V)) < B(U) and

hence ¥(V)) < f ' (B(U)). By the definition 3.2.5, it implies that pfqinty(f'l (BU))).

Thus plef ™ (U) = piqint, (f " (BW))).It follows that f~'(U) cint, (f " (BWU))).
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(2)=3): Let Ael* and f(p})ecl,(f(A)). Then there exists an open Q-
neighbourhood V of f(p*) such that B(V)gf(A) and hence f~'(B(V))GA. Also
f(p})qV implies pqf (V). Then by (2) we obtain that plgint,(f~'(B(V))). Hence
by definition 3.2.5, there exists an open Q-neighbourhood U of p? such that
y(W) < £ (B(V)). Then ¥(U)gA andso p; & cl,(A). This implies

f(pi)e f(cl,(A). Thus f( Cl(A)) = Cly(f(A)) .

(3)=(4) : Let Ae I". Since ff'(A) < A, by theorem 3.3.7(v),

we have cl,(ff ' (A)) Ccl,(A). Also f(A)e ™.

Then by (3), we have f(cl,(f "' (A)) < cly(ff ' (A)) < cl4(A).

Thus cl,(f~'(A) < [~ (clz(A)).

(4)= (5): Let Ae ["and pjqf ' (int 4(A)).

Then p; & (f ' (ing(A) = ' (cl,(A°)).

By (4), p & cl,(f7'(A9)) = (int, (f ' (A))°

and hence p}gint,(f~'(A)). Thus f'(int4(A)) cint (f ' (A)).

(5)= (1) Let p’eS(X) and V be an open Q-neighbourhood of f(p’). Since
BWVG(BVN, we have  f(pHecly(B(V) =(intz(B(V)) and  hence
f(p)gint z(B(V)) which implies p}qf ' (int 4 (B(V))). By (5), we obtain that
plqint (f~'(B(V))). This means that there exists an open Q-neighbourhood U of p’

such that y(U) < £ (B(V))and so f(yU)) < B(V). This shows that f is fuzzy

(7, B) -continuous mapping.
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5.3. Fuzzy (7, 3)-open mapping and (7, 5)-closed mapping.

This section is devoted to introduction and study of the concepts of fuzzy
(7, B)-open (fuzzy (y,[)-closed) mapping and some of their properties in fuzzy
topological space
Definition 5.3.1: Let - T — I* be fuzzy operation on T and B: T°— I be fuzzy
operation on 7’. A mapping f :(X,T)— (Y,T’) is called
(1) Fuzzy (y, )-open if for any ¥ -open set A of (X,T), f(A) isa [ -open set.
(2) Fuzzy (y, p)-closed if for any y-closed set A of (X,T), f(A) isa f-closed set.
Example 5.3.2:
(1) If y=p = identity operation, fuzzy (y,[)-open (fuzzy (y,)-closed) mapping
coincides with fuzzy open (fuzzy closed) [11]
(2) If y =closure operation and  =closure operation, then fuzzy (y, )-open ( fuzzy
(7, B) -closed) mapping coincides with fuzzy @-open (fuzzy €-closed) mapping
(3) If y =interior-closure operation and £ =interior-closure operation, then fuzzy (y, f)-
open ( fuzzy (y,)-closed) mapping is called fuzzy o -open ( fuzzy o -closed) mapping.
Therom 5.3.3: Let f:(X,T)— (Y,T") be a mapping and y and B operations on T
and T respectively.
(D If f(int,(A)) cint,(f(A)) for each fuzzy set A in X, then f is fuzzy (y, §)-open
(2) If (X,T) is y-regular spaces, then the converse of (1) is true.
Proof: (1) Let A be any y-open set. Then A =int,(A) and so f(A)= f(int,(A)).By
hypothesis, f(A) = f(int,(A)) cintz(f(A)). Also we have intz(f(A)c f(A).

Therefore f(A)=int,(f(A)) and hence f(A) is f-opensetinY.
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(2) Let (X,T) be fuzzy y-regular space. Then we have T =T, . Since for each Ae [ X
int, (A) is fuzzy open, therefore int,(A)is fuzzy y-open and by assumption, f (int,(A))
is fuzzy p -open set. Hence int 4, (f (int,(A))) = f(int,(A)). Also int, (A) < A implies
f(int,(A)) € f(A) so that int 5 (f (int,(A))) Cint z(f(A)).

Example 5.3.4: Let X ={x,y}and A, B, C, D e I* defined by

Ax) =04, Bx) =06, Ckx) =07, D=0.6

A(y)=03, B(y)=0.7, C(y)=0.6
Where a denotes the constant mapping with value & .
Let T ={X ,JA,B,} and T'={X ,&,C,D}.
Then ( X,T) and (X,T”) are fts.
Define y:T — 1" by y(X)=X,y (D)=,
y(A)=0.4,
y(By=B and B:T" —1I*
by fX)=X B(@)=@, B(C)=C, BD)=05

Clearly (X,T) is not y-regular spaces. Moreover 7, ={X,J,B} and Tlg ={X,3,C}

and so T7C ={X,d, A} and Tﬁ'c ={X,d, 1-C}

Now consider the identity mapping f:(X,T)— (X,T’) satisfying f(x)=y and
f(y)=x . Then every image of y-closed (y-open) is £ -closed ( S -open) but f is not

fuzzy (y, f)-closed.

For Be I'*, we have cl,(B) ={(x,0.6),(y,0.9). So, f(cl,(B)) ={(x,0.9), (y,0.6)} .

Since f(B)=C,wehave cl;(f(B))=cly(f(C))=09 .
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Hence cl,(f(B)) € f(cl,(B)).

Theorem 5.3.5: Suppose that fis fuzzy (y,)-continuous and fuzzy (identity, fB)is
closed mapping then f(A)is S -g-closed for each fuzzy y -g-closed A of (X,T),

Proof: (1) Let V be any fuzzy p-open set of (Y,T’) such that f(A) V. Then by
theorem 5.4.3, f~'(V) is fuzzy y -open. Since A is y-g-closed and A f~'(V), we have
cl,(A) c £~ (V) and hence f(cl,(A)) c V. Since cl,(A)is closed set in (X,T) and f is
(id, p) closed mapping then f(cl,(A))is f-closed set of (Y, T) .Also A cl,(A) implies
f(A) c f(cl,(A)) .This implies cl,(f(A)) < clz(f(cl,(A) = f(cl,(A)cV.

Therefore f(A)is S -g-closed.

Theorem 5.3.6: Suppose that f:(X,T) — (Y,T’) is fuzzy (y, 8)-continuous and fuzzy
(identity, 3) closed mapping. If f is injective and (Y,T") is fuzzy f -T,, space, then
(X, T)is y-T,,.

Proof: Let A be afuzzy y-g-closed set of (X,T). We show that A is fuzzy y-closed. By
theorem 5.3.1 and assumptions it is obtained that f(A)is f-g-closed and hence f(A)is
S -closed. Since fis fuzzy (y,)-continuous, f~'(f(A))is y-closed by using theorem
5.2.3. Then it is obtained that A is fuzzy y-closed

Theorem 5.3.7: Let f:(X,T) — (Y,T’) is fuzzy (y, 8)-continuous injective mapping. If
(Y,T’) is fuzzy S-T, (resp. f-T,), then (X,T)is y-T,(resp. y-T,).

Proof: Suppose that (Y,T") is fuzzy S-T,. Let pf,pf e€S(X) and p’ # pf Since fis
injective, we have f(pf) * f(pi). As (Y,T') is fuzzy fB-T,, there exist open Q-
neighbourhoods W and S of f( pf yand f( pf, ) respectively such that S(W)gB(S). Also

by fuzzy (y,)-continuity of f, there exist U and V of p f and p’y‘ respectively such

56



that f(y(U))c f(W)and f(p(V)) < B(S). Then it is obtained that f(y(U))gf(y(V))
and so y(U)qy(V). Thus (X,T)is fuzzy y-T,. The proof of the second part is similar.
Theorem 5.3.8: Let f:(X,T)— (Y,T) is fuzzy (y,)-continuous, injective and open
mapping. If (Y,T”) is fuzzy [ -regular then (X,T)is y-regular space.

Proof: (1) Let f:(X,T)— (Y,T') be fuzzy (y,)-continuous, injective and open where
(Y,T") fuzzy B-regularand y: T —T* and B: T°— I' are operationon T and T~
respectively. Let p f € S(X) and U be an open Q-neighbourhood of p f . Since f is fuzzy
open, we have f(U) is an open Q-neighbourhood of f ( p?). Then by regularity of
(Y,T'), we obtain B(W)c f(U) for some open Q-neighbourhood W of f (p f ). Also
by (y,[)- continuity of f, there exists an open Q-neighbourhood V of pf such that

f(yV)c BW). Hence y(V)=f"f(yV)cf (BW)c f'fU)=U. Thus

(X,T)is y-regular space.

5.4: Fuzzy (y,5)-homeomorphism.

In this section we define fuzzy (¥, )-homeomorphism, generalizing the notions
of fuzzy homeomorphism, fuzzy €-homeomorphism and fuzzy ¢ -homeomorphism.
Definition 5.4.1: Let 7: T — I* be fuzzy operation on T and B: T°— I be fuzzy

operation on 7”. A bijective mapping f :(X,T) — (Y,T) is called fuzzy

(7, B) -homeomorphism iff (i) f is (y,B)-continuous, (ii) f~' is (¥, B)-continuous.
ExamplesS5.4.2:

(1) If y = B = identity operation, fuzzy (y,)-homeomorphism coincides with fuzzy

open [11]
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(2) If y =closure operation and S = closure operation, then fuzzy (y, £)-homeomorphism

is called fuzzy @-homeomorphism

(3) If y =interior-closure operation and £ =interior-closure operation, then fuzzy (y, f)-

homeomorphism is called fuzzy & -homeomorphism.

Theorem 5.4.3: Let v: T — IX be fuzzy operation on T and B: T'— I' be fuzzy
operation on T'. If f:(X,T)— (Y,T’) is bijective, then the following properties of f

are equivalent:

(1) fis fuzzy (y, )-homeomorphism
(2) f is (y,p)-continuous and fuzzy (¥, f)-open
(3) f is (y,B)-continuous and fuzzy (y, f)-closed

(4) f(int,(A)) Cint z(f(A)) foreach Ae I*

Proof: (1)=>(2) : Let A be y-open set of (X,T). Since f~' is (y,8)-continuous, then

by Theorem 5.1.3 we have (f7')'(A)= f(A) is fuzzy B-open set of (V,T).

Consequently f is fuzzy (y, ) -open mapping and hence (1) = (2).

(2)=(3) : Let A be y-closed set of (X,T).Then A®is y-open setof (X,T). Since
g=f" is (7, p)-continuous, then by Theorem 5.1.3 ~we have
g (A9 =(g7"(A)° =(f(A)° is fuzzy B-open set of (Y,T’).This implies f(A)is

fuzzy f-closed set of (Y,T”). Consequently f is fuzzy (y, f3)-closed mapping and hence

2)=@).
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